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Abstract
some possible ways for the study of the contributions of some background fields to the
bulk Casimir energy have been probed in the framework of the 5D heterotic M-theory.
1 Introduction
One of the main theoretical issues in theories with extra dimensions is that of determining their
size. If we are interested only in one extra dimension, then the scalar degree of freedom gov-
erning the separation is called radion. Some mechanism is always required to fix the size of the
extra-dimension and then ensure the stability of the system.
A lot of stabilization mechanisms have been proposed in the literature: Introducing a massive
scalar field to the bulk [31], Casimir energy approach [8]-[23], Gaugino condensation approach
(nonperturbative effects) [6], [24]-[30], flux compactification approach [30, 32, 33]. The condition
to reach the stabilization is to get the minimum potential.
Instead of introducing an ad-hoc classical interaction between the branes (through the bulk
scalar field), Casimir energy of bulk fields may be sufficient to stabilize the radion. Even be-
fore branes, Candelas and Weinberg [23] found that the quantum effects from matter fields, or
gravity, can be used to fix the size of compact extra dimensions. The Casimir potential for
untwisted fermions in the warped heterotic M−theory background was calculated in [7]. The
general case of twisted fermions has been done by Ahmed and Moss [8].
it has been found that the resultant Casimir energy is not enough to stabilize the radion
unless we add other effects such as the (positive) gravitino vacuum energy and gaugino conden-
sates (Ahmed and Moss [6, 8]). In this paper we try to shed the light on some bulk background
fields and their possible contributions to the bulk Casimir Energy.
2 5D heterotic M-theory fields
In the Horava?itten formulation of M-theory [1, 2], the gauge fields of the standard model are
confined on two 9-branes located at the end points of an S1/Z2 orbifold. The 6 extra dimensions
on the branes are compactified on a very small scale, close to the fundamental scale, and their
effect on the dynamics is felt through moduli fields, i.e. 5D scalar fields. A 5D reduction of the
Horava?itten theory and the corresponding brane-world cosmology is given in [3, 4, 5].
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In the 11D theory, the supergravity multiplet consists of the graviton, gravitino and the field
C. The total bulk field content of this 5 dimensional theory is given by the gravity multiplet
(gαβ , Aα, ψ
i
α) together with the universal hypermultiplet (V, σ, ζ, ζ¯). V is the Calabi-Yau volume.
After the dualization, the three-form Cαβγ produces a scalar field σ. The 5 dimensional effective
action can be written as [4]
S5 = Sbulk + Sbound (1)
Where
Sbulk =
−1
2κ25
∫
M5
√−g
[
R+ 3
2
F¯αβF¯
αβ +
1√
2
ǫαβγδǫAαF¯βγF¯δǫ + (2)
1
2V 2
∂αV ∂
αV +
1
2V 2
[
(∂ασ − i(ζ∂αζ¯ − ζ¯∂αζ)− 2αǫ(x11)Aα)
]2
+
2
V
∂αζ∂
αζ¯ +
α2
3V 2
]
And
Sbound =
√
2
κ25
[∫
M
(1)
4
√−gV −1α−
∫
M
(2)
4
√−gV −1α
]
(3)
− 1
16παGUT
2∑
i=1
∫
M
(i)
4
√−g
(
V trF (i)µν F
(i)µν − σtrF (i)µν F˜ (i)µν
)
.
where F˜ (i)µν = 1
2
ǫµνρσF
(i)
ρσ and the expansion coeffecients αi are
αi =
π√
2
( κ
4π
)2/3 1
v2/3
βi, βi = − 1
8π2
∫
Ci
tr(R∧R). (4)
with the Calabi-Yau volume V defined as
V =
1
v
∫
X
√
g(6) (5)
where g(6) is the determinant of the Calabi-Yau metric.
When we don’t consider the zeta-field, the C-field itself is zero. When the zeta-field is
considered, the C-field is described through the following relations:
CABC =
√
2
24
ǫwABC +
1
6
ζεABC (6)
CαAB =
1
18
hB[AB nα] (7)
Where nα is a unit vector in the direction of dz, εABC is a 3-form where
dB = ε (8)
on ∂M , we have the following boundary conditions for the C-field:
CABC =
√
2
24
ǫwABC −
√
2
48
ǫχ¯ΓABCχ on z = 0 (9)
2
CABC =
√
2
24
ǫwABC +
√
2
48
ǫχ¯ΓABCχ on z = 1 (10)
Where the term
√
2
48
ǫχ¯Γχ belongs to the gaugino condensates. Comparing the boundary condi-
tions with (6) we have
ǫχ¯ΓABCχ =
−8√
2
ζεABC on z = 0 (11)
ǫχ¯ΓABCχ =
8√
2
ζεABC on z = 1 (12)
2.1 Background ζ field and graviphoton
Gaugino condensates mean that the gaugino vacuum expectation value is not zero which breaks
supersymmetry.
The gaugino condinsates lead to a background ζ field. So, we have a background V field (the size
of Calabi-Yau space), a background ζ field and a background metric. In order to investigate the
contribution of the background ζ field we take the following nonlinear sigma model lagrangian
L = − 1
4V 2
(∂V )2 − 1
4V 2
(
∂σ − i(ζ∂ζ¯ − ζ¯∂ζ))2 − 1
V
(∂ζ)(∂ζ¯)− U (13)
Where U = α
2
6V 2
.
We try to include the gauge vector field A (graviphoton) of the gravity multiplet (gµν , ψµ, Aµ)
into the universal hypermultiplet and see if it has a little contribution. We do that by making
the following transformation for the universal hypermultiplet lagrangian (13)
∂σ → ∂σ − 2αA (14)
So, the lagrangian becomes:
L = − 1
4V 2
(∂V )2 − 1
4V 2
((∂σ − 2αA)− i(ζ∂ζ¯ − ζ¯∂ζ))2 − 1
V
(∂ζ))(∂ζ¯)− U (15)
We are interested only in terms containing A. That means
LA = − 1
V 2
(
α2A2 − αA(∂σ) + iαA(ζ∂ζ¯ − ζ¯∂ζ)) (16)
We make the following perturbations for the universal hypermultiplets:
V → V + ǫV̂ , ζ → ζ + ǫζ̂ , ζ¯ → ζ¯ + ǫ̂¯ζ (17)
σ → ǫσ̂ , A→ ǫA
where ǫ is small. After some calculations we find
LA = ǫ
2V −2
(
αA(∂σ̂)− α2A2 − iαAζ∂(̂¯ζ − ζ̂)) (18)
Integration by parts for the cross terms we get
LA = ǫ
2αV −2
(
2V −1(∂µV )A
µσ̂ − (∂µAµ)σ̂ (19)
−αA2 − 2iV −1(∂µV )Aµζ(̂¯ζ − ζ̂) + (∂µAµ)ζ(̂¯ζ − ζ̂) + 2Aµ(̂¯ζ − ζ̂)∂µζ)
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The lagrangian (15) has a global symmetry so it leads to a nonrenormalizable theory. On
the contrary, LA is gauge invariant with local U(1) symmetry. We need an expression for the
lagrangian in which the A field is separated so we can see its own contribution. Let’s introduce
a gauge fixing term, which breaks the gauge symmetry, to omit the undesirable cross terms:
LGF = −F 2 ≡
(
∂µA
µ − 1
2
αV −2σ̂ + 2w;µA
µ +
1
2
αiV −2ζ(̂¯ζ − ζ̂))2 (20)
Where Aµ is a gauge field and w is a conformal factor defined by
Ω(σ) = e(1−σ)w(z) (21)
So that flat space is at σ = 0 and the 5D physical metric
ds25 =
(
z
z1
)2/5 (
gµνdx
µdxν + dz2
)
(22)
is at σ = 1. Now we can write
LA + LGF = ǫ
2αV −2
(
2V −1(∂µV )A
µσ̂ − αA2 − 2iV −1(∂µV )Aµζ(̂¯ζ − ζ̂) (23)
+ 2Aµ(̂¯ζ − ζ̂)∂µζ)− (∂µAµ)2 + 1
4
α2V −4σ̂2 − 4(w;µAµ)2 + 1
4
V −4α2ζ2(̂¯ζ − ζ̂)2
− 2iV −2αζ(̂¯ζ − ζ̂)w;µAµ − 4w;µAµ(∂αAα)− 2αV −2σ̂w;µAµ + i
2
α2V −4σ̂ζ(̂¯ζ − ζ̂).
So the gauge fixing term removed only some cross terms but not all of them. A possible
reason is that this is due to a wrong choice for the gauge fixing term. The addition for the
faddeev-Popov term will not help. We try to perturb the ζ field in addition to taking the
gravitational part
1
2k2
∫
R
√
gd5x (24)
into account. We will not perturb R as we have been assuming a fixed background metric.
The coupling between the universal hypermultiplet and gravity multiplet can’t be taken into
account in (24). A coupling term like CRζ2 is not allowed in the lagrangian as it breaks the su-
persymmetric structure of the theory, Although it should be taken into account. Being working
in the framework of heterotic M theory means we are restricted to start with a supersymmetric
theory and then leave the supersymmetry to be broken dynamically. We have no freedom to
add other terms like for example a quadratic term in the curvature (the famous gauss Bonnet
term). We now have the lagrangian
2k2L = R− 1
2
V −2(∂aV )(∂
bV )− 1
3
α2V −2 (25)
−1
2
V −2[∂σ − i(ζ(∂ζ¯ + h¯n)− ζ¯(∂ζ + hn))]a[∂σ − i(ζ(∂ζ¯ + h¯n)− ζ¯(∂ζ + hn))]b
−2V −1(∂ζ + hn)a(∂ζ¯ + h¯n)b
Where h now is a vector vanish everywhere except in the z-direction.
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2.2 Using the Hamiltonian constraint
As it is well known, the dynamics is controlled by the Hamiltonian constraint H = 0 which is the
time-time part of the Einstein equations in the 3+1 formalism of General Relativity. We recall
that in the 3+1 formalism, Einstein equations are separated into 4 so-called constraint equations
corresponding to the time-time and space-time parts, and 6 evolution equations corresponding to
the space-space part. The equation obtained from the time-time part of the Einstein equations
is called the Hamiltonian constraint, and the ones obtained from the space-time parts are known
as the momentum constraints. When written in terms of the extrinsic curvature of the spatial
hypersurfaces, the constraint equations have no time derivatives. That means they represent
relations that must be satisfied at any given time.
Now we take the following background metric ansatz
ds2 = e−2ω(z)(dz2 + ηµνdx
µdxν) (26)
The gravitational Action now is
SG =
1
2κ2
∫
e−3σ(8ω
′′ − 12ω′2)d(5)x (27)
Where the primes indicate differentiation with respect to z as all background fields are a function
of z. After integration by parts, the action could be written as
SG =
6
κ2
∫
e2ωω
′2d(5)V (28)
Where we have d(5)V =
√
g(5)d(5)x and
√
g(5) = −e−5ω. That means
R˜ = 12ω
′2e2ω (29)
The lagrangian (25) can now be written as:
L =
−6
κ2
ω
′2e−3ω +
1
2
φ
′2e−3ω +
1
κ2
Ue−5ω +
1
4κ2
V −2e−3ω
(
σ
′
(30)
−i
(
ζ(ζ¯ ′ + h¯)− ζ¯(ζ ′ + h)
))2
+
V −1
κ2
e−3ω(ζ
′
+ h)(ζ¯ ′ + h¯)
Where for example ∂aV ∂
bV ≡ ∂aV ∂bV gab = e2ω(∂V )2, V = e
√
2κφ(z) and n = 1 in the direction
of z. The Hamiltonian constraint we are going to use is
H ≡ N ∂L
∂N
= 0 (31)
Where N is the lapse function that we are going to take into consideration. We perform a
conformal rescaling on the z-direction using the lapse function as a conformal factor.
ds2 = e−2ω(ηµνdx
µdxν +N2dY 2) (32)
Where:
NdY = dz (33)
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The unit spacelike normal to the brane surface is given as
nA = N∂AY (34)
satisfying the normalization condition
gABn
AnB = 1 (35)
Where the lapse function is the scalar function
N = |gAB∂AY ∂BY |−1/2 (36)
For the metric determinant we have
√−g = Ne−5ω (37)
The lagrangian now becomes
L =
−6
κ2
N−1ω
′2e−3ω +
1
2
N−1φ
′2e−3ω +
1
κ2
NUe−5ω (38)
+
1
4κ2
N−1V −2e−3ω
(
σ
′ − i
(
ζ(ζ¯ ′ + h¯)− ζ¯(ζ ′ + h)
))2
+
V −1
κ2
N−1e−3ω(ζ
′
+ h)(ζ¯ ′ + h¯)
Where the prime denotes d/dY . The Hamiltonian constraint (31) leads to
H =
−6
κ2
N−1ω
′2e−3ω − 1
2
N−1φ
′2e−3ω +
1
κ2
NUe−5ω (39)
− 1
4κ2
N−1V −2e−3ω
(
σ
′ − i
(
ζ(ζ¯ ′ + h¯)− ζ¯(ζ ′ + h)
))2
− V
−1
κ2
N−1e−3ω(ζ
′
+ h)(ζ¯ ′ + h¯) = 0
The momenta of the background fields pi =
∂L
∂q
′
i
are
pφ = φ
′
N−1e−3ω (40)
pω =
−12
κ2
ω
′
N−1e−3ω (41)
pσ =
V −2
2κ2
N−1e−3ω
(
σ
′ − i
(
ζ(ζ¯ ′ + h¯)− ζ¯(ζ ′ + h)
))
(42)
pζ = iζ¯pσ +
V −1
κ2
N−1e−3ω(ζ¯ ′ + h¯) (43)
pζ¯ = −iζpσ +
V −1
κ2
N−1e−3ω(ζ
′
+ h) (44)
We express the Hamiltonian in terms of the quadratic momenta as
H = −κ
2
24
Ne3ωp2ω +
1
2
Ne3ωp2φ −
1
κ2
NUe−5ω − κ2V 2Ne3ωP 2σ (45)
− κ2V Ne3ω (P 2ζ + iζPζPσ − iζ¯Pζ¯Pσ + ζ2P 2σ)
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Since σ is a cyclic coordinate, this implies that pσ is constant. We argue also that the quantity
(Pζ−iζ¯Pσ) is constant. Now we would like to know the form of the Hamiltonian on the boundary.
That means We need to know the boundary conditions for φ, Pω and Pφ. For the conformally
flat background metric and for the flat brane case, ∂z1 = 0 so we have:
n = eω∂z (46)
The boundary conditions for φ and ω could be drived by varying the following actions with
respect to φ and ω respectively,
S = Sbulk + Sboundary (47)
=
∫
M
Lbulk
√
−g(5) +
∫
∂M
Lboundary
√
−g(4)
Where
Lbulk =
1
2κ2
(
R− 1
2
V −2∂αV ∂
αV − 1
3
V −2
)
, V = e
√
2κφ (48)
Lboundary =
1
κ2
(K ± U), U = α√
2
V −1 (49)
This yields for φ,
n.∇φ = α
κ
V −1 (50)
Which implies
φ
′
=
α
κ
e−ωV −1N (51)
Using (40), the momentum for the φ− field on the boundary is
pφ =
α
κ
e−4ωV −1 (52)
For K, we have for the case of flat brane
K = 4ω
′
eω at z = z1 (53)
K = −4ω′eω at z = z2 (54)
Now we use (see [5])
K = 4ω
′
eω =
−2√2
3
αV −1 (55)
So
ω
′
= − α
3
√
2
e−ωV −1 (56)
The momentum for the ω − field on the boundary could be written as
pω =
2
√
2
κ2
αV −1e−4ω (57)
Then, the Hamiltonian on the boundary is
7
H =
−α2
3κ2
V −2Ne−5ω +
α2
2κ2
V −2Ne−5ω − α
2
6κ2
V −2Ne−5ω (58)
− κ2V Ne3ω(V P 2σ + P 2ζ + iPσ(ζPζ − ζ¯pζ¯) + ζ2P 2σ )
The first three terms cancel. We then have
κ2V Ne3ω
(
V P 2σ + (Pζ − iζ¯Pσ)(Pζ¯ + iζPσ)
)
= 0 (59)
The quantity
(
V P 2σ + (Pζ − iζ¯Pσ)(Pζ¯ + iζPσ)
)
is a positive definite quantity, this implies
that Pσ = 0. Since Pσ is constant, it vanishes everywhere. Similarly pζ = 0. The next step is
to solve for ω(z) and φ(z). The Hamiltonian now is
H = −κ
2
24
Ne3ωp2ω +
1
2
Ne3ωp2φ −
α2
6κ2
Ne−5ω−2
√
2κφ (60)
We can choose N freely. If we choose N = e−3ω we get
H = −κ
2
24
p2ω +
1
2
p2φ −
α2
6κ2
e−8ω−2
√
2κφ (61)
Which is a Cyclic Hamiltonian as it doesn’t depend on the coordinates φ or ω independently,
but on a combination of them i.e.
H ≡ H(Pω, Pφ,−8ω − 2
√
2κφ) (62)
Using the Hamiltonian equations, we get
P
′
φ = −
∂H
∂φ
= −(∂H
∂V¯
∂V¯
∂φ
) =
√
2α2
3κ
V¯ (63)
P
′
ω = −
∂H
∂ω
= −(∂H
∂V¯
∂V¯
∂ω
) =
4α2
3κ2
V¯ (64)
Where by V¯ we mean e−8ω−2
√
2κφ. That leads to
8P
′
φ − 2
√
2κP
′
ω = 0 (65)
Which implies
8Pφ − 2
√
2κPω = C (66)
using the boundary values of Pφ and Pω the constant=0. So,
8Pφ − 2
√
2κPω = 0 (67)
Substituting back in H , we get
3
(
dω
dz
)2
e8ω =
α2
6
e−2
√
2κφ (68)
Equation (67) leads to
dφ
dY
+
3
√
2
κ
dω
dY
= 0 (69)
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The solution is
φ = φo − 3
√
2
κ
ω (70)
Where φ = φo at ω = 0. Substituting in (68) we get the following differential equation,
dω
dY
e−2ω =
α
3
√
2
e−
√
2κφo (71)
This gives
e−2ω =
(
1− α
√
2
3
Y
Vo
)
(72)
Making use of e−3ωdY = dz, we finally get
e−2ω =
(
z
z1
)2/5
(73)
Which is the scaling factor in (26). Similarly we get for ω(z) and φ(z):
ω(z) = −1
5
ln(
z
z1
) (74)
φ(z) =
3
√
2
5κ
ln(
z
z1
) + φo (75)
That agrees with solutions in [7] for the bulk dilaton and radion fields
3 Changing the boundary potential
In M theory, there’s a fine tuning between the bulk and boundary potentials to get the flat
potential of the radion. If the boundary potential is strong enough then it could be separated
into two parts, the first one for the flatness of the radion potential and the second part for the
radion stabilzation after summing up with the Casimir potential. Since supersymmetry is not
observed in nature, we should incorporate supersymmetry breaking.
The idea of including a potential on the positive tension brane coming from SUSY breaking
effects has been discussed in [98,99,100]. In [98], the simplest potential is obtained by detuning
the boundary potential UB defined by
UB = 4ke
αψ (76)
so that the potential becomes
V =
6(T − 1)k
κ25
eαψ (77)
Where T 6= 1 is a SUSY breaking parameter and ψ is the bulk scalar field. We start by
modifying the boundary potential in (49). The potential now is multiplied by some constant C
The boundary Lagrangian becomes
Lbound =
1
κ2
(K ± cU) , U = α√
2
V −1 (78)
9
Consequently, the boundary conditions for φ and ω will be changed as
φ
′
=
α
κ
ce−ωV −1N (79)
ω
′
= − α
3
√
2
ce−ωV −1N (80)
The momenta on the boundary will be modified to
pφ =
α
κ
ce−4ωV −1 (81)
pω = − α
3
√
2
ce−ωV −1 (82)
Now the Hamiltonian constraint on the boundary gives
α2(c2 − 1)N
6κ2
V −2e−5ω − κ2V Ne3ω (V P 2σ + (Pζ − iζ¯Pσ)(Pζ¯ + iζPσ)) = 0 (83)
The above picture suggests the extra term to be connected with the SUSY breaking where the
constant c2 is a SUSY breaking parameter. SUSY is not broken for c2 = 1. The additional
proposed part of the potential then is coming from SUSY breaking.
Now we would like to solve for φ(z), ω(z), σ(z) and ζ(z).
Taking ζ real and N = e−3w the bulk Hamiltonian could be expressed as
H = −κ
2
24
p2ω +
1
2
p2φ −
α2
6κ2
e−8ω−2
√
2κφ − κ2V 2(φ)P 2σ − κ2V (φ)(P 2ζ + ζ2P 2σ ) (84)
The Hamiltonian equations q
′
i =
∂H
∂pi
lead to
φ
′
= Pφ (85)
w
′
=
−κ2
12
Pw (86)
σ
′
= −2κ2Pσ(V 2 + V ζ2) (87)
ζ
′
= −2k2V Pζ (88)
And P
′
i = −∂H∂qi lead to
P
′
φ = −
α2
√
2
3κ
e−8ω−2
√
2κφ +
√
2κ3P 2ζ e
√
2κφ (89)
P
′
w = −
4α2
3κ2
e−8ω−2
√
2κφ (90)
P
′
σ = 0 (91)
P
′
ζ = 2ζκ
2V P 2σ (92)
Equations (83) Gives
P 2ζ |bound =
α2(c2 − 1)e−8wV −3
6k4
− P 2σ (V + ζ2) (93)
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That means Pσ is constant, as a special case we consider this constant equals zero. In this case
the background field σ is constant and equation (93) becomes
P 2ζ |bound =
α2(c2 − 1)e−8wV −3
6k4
(94)
Assuming Pζ |bulk is constant. for c = 1, Pζ |bound vanishes. That means Pζ vanishes everywhere.
SUSY breaking generates a varying Pζ. It follows from equation (88) that
ζ =
2
√
2αk2Pζ
75z1
(1− z4) (95)
which means that the ζ field vanishes everywhere for the c = 1 case. For w(z) and φ(z),the
following second order differential equations system valid in the bulk
d2φ
dz2
= −α
2
√
2
3κ
e−8ω−2
√
2κφ +
√
2κ3P 2ζ e
√
2κφ (96)
d2w
dz2
=
α2
9
e−8ω−2
√
2κφ (97)
We are looking for a solution for the above system. If we set the first brane at z1 and the
second brane at z2, then on the boundary we have:
φ
′
(z1) =
α
κ
ce−4ω(z1)−
√
2κφ(z1) (98)
φ
′
(z2) =
α
κ
ce−4ω(z2)−
√
2κφ(z2) (99)
ω
′
(z1) = − α
3
√
2
ce−4ω(z1)−
√
2κφ(z1) (100)
ω
′
(z2) = − α
3
√
2
ce−4ω(z2)−
√
2κφ(z2). (101)
At first, we consider the case for non-broken SUSY. For this case c = 1 and Pζ = 0, then
d2φ
dz2
= −α
2
√
2
3κ
e−8ω−2
√
2κφ (102)
d2w
dz2
=
α2
9
e−8ω−2
√
2κφ (103)
The solution satisfiying the boundary conditions and the above equations is:
w(z) = −1
2
ln(
2z
5z1
) (104)
φ(z) =
3√
2k
ln(
2z
5z1
)− 1√
2k
ln(
zo
z1
) (105)
The numerical investigation of the system for the general SUSY breaking case c 6= 1 shows
no solution satisfies the boundary conditions and the field equations. This could be done by
plotting the following two quantities
Bφ = φ
′
(z)− α
κ
ce−4ω(z)−
√
2κφ(z) (106)
11
w(z) φ(z)
Numerical Exact Numerical Exact
1 0.458145365 0.458145366 -0.344778990 -0.344778990
1.1 0.410490132 0.410490276 -0.243687359 -0.243687279
1.2 0.366984621 0.366984587 -0.151397852 -0.151397777
1.3 0.326963264 0.326963233 -0.066499732 -0.066499474
1.4 0.289909282 0.289909247 0.012103634 0.0121037095
1.5 0.255412854 0.255412811 0.085281671 0.0852817001
1.6 0.223143609 0.223143551 0.153735014 0.1537351395
1.7 0.192831307 0.192831240 0.218037116 0.2180372611
1.8 0.164252103 0.164252033 0.278662763 0.2786629141
1.9 0.137218500 0.137218422 0.336009695 0.3360098622
2 0.111571862 0.111571775 0.390414431 0.3904146167
Table 1: The numerical and exact values of w(z) and φ(z) for different points between the first
brane at z1 and second brane at z2.
Bw = ω
′
(z) +
α
3
√
2
ce−4ω(z)−
√
2κφ(z) (107)
We find Bw is decreasing forever and Bφ is increasing. Therefore, Bw 6= 0 and Bφ 6= 0 ∀z 6= z1.
That means the boundary conditions are not satisfied ∀(z1 + ǫ) , ǫ > 0. For c2 < 1, Bφ is
decreasing. In other words, Bφ doesn’t change its sign in the closed interval [1, 2] and then it
follows from the intermediate value theorem that Bφ has no roots in this interval.
The same could be shown for Bw Where it is decreasing forever for c
2 > 1 and increasing for
c2 < 1. Again the intermediate value theorem implies that there’s no roots.
For an analytical investigation, we have
B
′
φ = φ
′′ − αc
κ
∂
∂z
e−4ω(z)−
√
2κφ(z) (108)
=
√
2α2(c2 − 1)
2κ
e−8ω(z)−2
√
2κφ(z) > 0
And
B
′
w = w
′′
+
αc
3
√
2
∂
∂z
e−4ω(z)−
√
2κφ(z) (109)
=
−α2(c2 − 1)
9
e−8ω(z)−2
√
2κφ(z) < 0
suppose that
(1) Bw(z1) = Bφ(z1) = 0 and Bw(z2) = Bφ(z2) = 0. (110)
(2) ∄z3 such that z1 < z3 < z2 and B(z3) = 0. (111)
Using (109) for c2 > 1, if
B
′
w(z1) < 0 and B
′
w(z2) < 0 (112)
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w(z) φ(z) ζ
c2 = 1.1 c2 = 0.9 c2 = 1.1 c2 = 0.9
1 0 0 1 1 0
1.1 -0.0076142167 -0.0062209919 1.0161521928 1.0131967168 0
1.2 -0.0151342925 -0.0123473197 1.0321046825 1.0261926205 0
1.3 -0.0225630162 -0.0183812740 1.0478633854 1.3899257049 0
1.4 -0.2990306537 -0.0243250594 1.0634339809 1.0516012433 0
1.5 -0.0371570068 -0.0301807956 1.0788219145 1.0640231358 0
1.6 -0.0443272999 -0.0359505192 1.0940324031 1.0762625678 0
1.7 -0.0514163099 -0.0416361924 1.1090704643 1.0883237020 0
1.8 -0.0584263102 -0.0472397656 1.1239409206 1.1002105486 0
1.9 -0.0653594876 -0.0527628814 1.1386484108 1.1119269739 0
2 -0.0722179429 -0.0582074752 1.1531973916 1.1234767015 0
Table 2: The numerical investigation for w(z) and φ(z) and ζ(z) for c 6= 0. The zero initial
value ζ(1) = 0 leads to a zero ζ(z) field in the bulk.
That means
∃ẑ1 such that Bw(ẑ1) > 0, ẑ1 > z1 (113)
And
∃ẑ2 such that Bw(ẑ2) < 0, ẑ2 < z2 (114)
But the intermediate value theorem implies that
∃z3 such that Bw(z3) = 0, z3 ∈ [ẑ1, ẑ2] (115)
Which contradicts the basic assumption meaning that there are no roots. For c2 < 1, suppose
that
B
′
w(z1) > 0 and B
′
w(z2) > 0 (116)
That means
∃ẑ1 such that Bw(ẑ1) < 0, ẑ1 > z1 (117)
And
∃ẑ2 such that Bw(ẑ2) > 0, ẑ2 < z2 (118)
But the intermediate value theorem implies that
∃z3 such that Bw(z3) = 0, z3 ∈ [ẑ1, ẑ2] (119)
Which is a contradiction with the basic assumption. The same argument could be applied for
Bφ. Now we need to solve numerically for the φ(z), w(z), and ζ(z) fields for c 6= 0 case. The
Numerical results are shown in table (2).
Conclusion
some possible ways for the study of the contributions of some background fields to the bulk
Casimir energy have been probed in the framework of the 5D heterotic M-theory. The inclusion
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of the gauge vector field A, the graviphoton, into the universal hypermultiplet has been studied.
Using the Hamiltonian constraint, we expressed the Hamiltonian in terms of the quadratic
momenta and and we found that Pσ is constant. We then studied the boundary conditions
for φ Pw Pφ. We investigated the changing of the boundary conditions through detuning the
boundary potential UB. The Hamiltonian constraint leads to an extra term related to susy
breaking. The numerical investigation of the system for the general SUSY breaking case shows
no solution satisfies the boundary conditions and the field equations.
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